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'<:LECTRON MULTIPLICATION IN DISCHARGES 

ever seen :11 .. 1~y \,, ~lt :\ ge. That breakdown within the 
electrode SYSlt:ill act ua lly occurred was evident in many 
cases by dir.; ;:L visu;" observation, although the precise 
lOc:1tion of :l. given discharge could seldom be 
dctcrmined. 

from the da ta given herein it seems reasonable to 
conclude that lhe initiating mechanism of high-voltage 
electrical brc:!kdown in vacuo is not a process whereby 
charged parlicles reproduce themselves by a series of 
sccondary chain reactions ' involving electrons slriking 
thc anode, with an efiiciency which depends continu­
ously on voltage and which rises to unity at breakdown. 
:-,rote that no dir.ect statement can be made about chain 
reaclions not involving electrons, as, for instance, a 
positive ion-negative ion reaction, for which in one case 
over-all eOiciencies as high as one percent have been 

observed.7 Aside from the latter type of rcacLo .. , : lC 

mechanisms left as possibilities appear to bc "hv_'~ 
triggered by random events originating wit:,:n v f 

without the gap, such as electrostatically GC:Lachcd 
clumps, 6 excitation from some external source, e.g., 
cosmic rays, or cumulative resistive heating at field­
emitting points of high-current density.2 
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Temperature-Dependent Equations of State of Solids 
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An isothermal equation of state of a solid is considered, which contains as special cases the equations of 
Birch, Murnaghan, Bardeen, and others. The equation is generalized to arbitrary temperature by replacing 
two constants of the equation by temperature-dependent parameters, whose functional form is determined 
by considerations of thermodynamic consistency. The thermal properties of the solid implied by this equation 
oi state are examined. It is shown that the generalized equation is consistent with the Mie-Griineisen relation 
for the thermal pressure of the lattice, and that the corresponding Gruneisen parameter is only slightly 
dependent on temperature, in general. The form of the generalized equation of state at low temperature 
is exhibited as an explicit function of volume and temperature for a solid whose heat capacity obeys the 
Debye law. A comparison with pressure-volume data of Swenson for potassium at low temperatures shows 
excellent agreement of the generalized equation of state with experiment. 

1. INTRODUCTION 

SI~CE the time of ~1urnaghan's successful applica­
tion of the theory of finite strain to obtain equations 

of state for solids at high pressure,1-3 considerable 
altention has been devoted to the general problem 
he initiated. Additional equations of state have been 
derived by later investigators from Murnaghan'S 
formulation of the theory of finite strain.4

-
7 The salient 

example is perhaps the equation of Birch,6 which has 
been used very successfully to represent pressure­
volume relations for solids, at large pressures8 and at 

1 F. D. Murnaghan, Am. J. Math. 59, 235 (1937). 

. constant temperatures extending to low values.9 The 
relation has been used widely in geophysical applica­
tions, for extrapolation of compression data for elements 
and compounds beyond the experimental range, and ill 
the inference of physical properties of the earth's 
interior.8.1o.ll Murnaghan's equation has been applied 
in a discussion of the effect of shock waves on solids.12 

A wider development has proceeded in the derivation 
of equations of state of solids from quantum mechanics 
and from lattice models. As an example 'among many 
in the former class, one can cite Bardeen's. equationY 
In principle, the limitations on accuracy in the quantum­
mechanical calculation of an equation of state are set 
only by mathematical complication in the solution of , f. D. Murnaghan, in /1 frfrlicd Af cc/wlIics, Theodore VOI~ Karman 

Anlliversary Volume (California Institute of Technology, Pasa­
dena, 1941), p. 121. 

I • F. D. Murna).:han, Fin-ile Dcjnr1llalioll of an Elastic Solid 
(John Wiley and Sons. Inc., New York, 1951), Chap. 4. 

• F. Birch, J. Appl. Phys. 9, 279 (1938) . 

g C. A. Swenson, Phys. Rev. 99, 423 (1955). 
10 L. KnopofI and R. J. UITen, J . Geophys. Research 59, 471 

(1954). 
IF. TIirch, Phys. Rev. 71, 809 (1947). 
8 A. Keane, Nature 172, 117 (1953); Australian' J. Phys. 7, 322 

(1954) . 
1 Y. Shimazu, J. Phys. Earth 2, 55 (1954). 
• F. Birch, J. Geophys. Research 57, 227 (1952). 

II J. J. Gilvarry, Nature 178, 1249 (1956); J. Atmospheric and 
Terrest. Phys. 10,84 (1957). 

12 G. E . Duvall and B. J. Zwolinski, J. Acoust. Soc. Am. 27, 
1054 (1955). 

" J. Bardeen, J. Chem. Phys. 6, 372 (1938). 
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Schrodinger's equation for a many-body problem. In 
practice, the necessary approximations generally limit 
the validity of a result to a particular class of elements 
(the alkali metals in the case of Bardeen's equation). 
As a consequence, equations of state derived from 
the theory of finite strain generally have the advantage 
of applicability to a wider range of elements and 
compounds than is possible for those obtained from 
quanltun mechanics (or from a lattice model) . These 
statements do not apply, of course, to the range of 
extremely high pressure (greater than a limit in the 
order of megabars) where use can be made reliably of 
the methods of quantum-statistical mechanics,l1 as 
represented by the statistical atom model of Thomas 
and Fermi. 

In applications of Birch's equation and others of 
similar type, the restriction of validity to isothermal 
conditions is a serious shortcoming, since any tempera­
ture correction must be estimated separately. For this 
purpose, the Mie-Grilneisen equation of state for the 
thermal pressure of the lattice,15 or the specific form 
of this relation corresponding to the Debye model,16 
has been used in a number of geophysical discus­
Si011S.7.8.lo.17 This method is the one used by Walsh 
and co-workers to determme the effect of temperature 
on Hugoniot curves obtained by 'measurements on 
shock waves in solids, and thus to obtain isothermal 
equations of state eX'Perimentally.18.19 

The purpose of this paper is to determine by a 
thermodynamic argument the modification produced 
by variable temperature in a general class of isothermal 
equations of state. Special cases include the equations of 
Birch and others. The explicitly temperature·dependent 
equation of state will be shown consistent with the 
~1ie-Gruneisen relation for the thermal pressure of 
the lattice. 

II. ISOTHERMAL EQUATIONS OF STATE 

In another context, the author has given an isothermal 
equation of state for a solid, which can be expressed as 

p= (n-m)-IKo[(Vo/v)n- (Vo/V)mJ, (1) 

where P is the pressure corresponding to the volume 
V, K 0 is the bulk modulus corresponding to the normal 
volume Vo, and nand mare constants.20 The corre­
sponding value of the bulk modulus (incompressibility) 
K is 

K= (n-m)-IKo[n(Vo/V)n - m(Vo/V)mJ, (2) 

" J. J. Gilvarry, l'hys. R.ev. 96, 934,. 944 (l95~). . 
l~ ]. C. Slater, 11llrodllctWll to ChclIl1call'hyslcs (McGraw-I-IIII 

llook Company, Inc., New York, 1939), pp. 201, 222, 238, 394, 
451. 

10 C. Kittel /lItrodllction to Solid Statc Physics (John Wiley 
and Sons, Inc:, New York, 1953), first edition, p. 80. 

17 r. E. Valle, Ann. geofis. (Rome), 5, 41 (1952) i 8, 189 (1955). 
J 18 \-Valsh, Rice, McQueen, and Yarger, l'hys. Rev. 108, 196 

(1957). .... 
IQ Rice, McQueen, and Walsh, 111 Solid State Plzys~cs (AcademiC 

Press, Inc., New York, to be published). 
20 J. J. Gilvarry, Phys. Rev. 102, 331 (1956). 

which verifies the identification of Ko. For the purposes 
of this paper, the usefulness of Eq. (1) lies in the fact 
that it can be considered the generic member of a 
wide class of equations of state for solids at constant 
temperature. 

If one assumes that 

n=7/3, m=5/3, 

one obtains the Birch equation of state, 

p= (3/2)Ko[(Vo/V)1/3- (VO/V)r.J3J, (4) Ii 

from Eq. (1). This equation was derived by Birch \ 
from Murnaghan's theory of finite strain, by assuming 
merely that the strain energy of an elastic body is 
proportional in first order to the square of the strain. 
The form (4) presupposes that a multiplicative correc- • 
tion of the form 

(5) 

be taken as unity, where ~ is a temperature-dependent 
parameter which is small in general. A slightly different 
choice of eJo..'Ponents in Eq. (1) yields Bardeen's equation 

p= 3Ko[ (Vo/V)5/L (VO/V)4/3J, (6) 

where again a factor of the order of unity has bccn 
ignored,l3 The original derivation of this equation from 
quantum mechanics applies specifically to the alkali 
metals, but considerations by Gombas suggest the 
possibility of a wider application in the case of metals.!1 

The choice m= 0 yields the equation of state 

(7) 

obtained by lIurnaghan3 from the "integrated linear 
theory of finite strain." :ilIurnaghan introduced the 
constant n empirically into the theory, and chose its 
value in special cases by a fit to the eX'Perimental data. 
The author has shown that this quantity can be 
interpreted physically as 

n=2'YAV+t, 

where 'Y Av is an average value of the Gruneisen parameter 
'Y of the solid over the range of interest on its P- r 
diagram.22 If the Gruneisen parameter shows only 
small variation over the range in question, which is 
true in general for a relatively incompressible solid. 
'YAv in Eq. (8) can be replaced by the value 'Y correspond­
ing to the initial volume.23 The special case of Eq. (7'1 
for a vanishing value of the Gruneisen constant is 

P=3Ko[(Vo/ V)L 1J, (9 

which is the form derived by Murnaghan from tht 
linear theory of finite strain .3 

The general form (1) includes also the equations vi 

21 r . Gombas, Die Slatistische Tlleoric des A/ollis 11lld jli" 
AnwelldulIliclI (Springer-Verlag, Vienna, 1949), pp. 299--337. 

22 J. J. Gilvarry, rhys. Rev. 102, 325 (1956). 
201 J. J. Gilvarry, Phys. Rev. 104,908 (1956). 
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.. 

Grlineisen,24 Born,2b and Flirth26 corresponding to the 
~Iie form for the potential energy U of an atom in 
the interatomic force field, given by 

(10) 

II·here r is the inleratomic distance, and A and Bare · 
! either interaction constants or lattice sums. In this 

case, the conslants n and ?It are chosen either from 
theoretical considerations (e.g., to correspond to a 
Lennard-Jones potential) or from the requirement of 
a fit to thermodynamic parameters (such as the lattice 
energy) of the solid at normal pressure. To a large 
extent, these equations of state from lattice models 
have been supplanted for applications at high pressure 
by the forms discussed previously. . 

Some discussion of the relative merits of these 
various special forms of Eq . (1) is in order. Because of 
the · generality of the underlying assumptions, one 
might e:\l)ecl l3irch's equation of state to have a 
wide range of applicability, and such appears to be the 
case. The equation in the form (4) seems to reproduce 
the majority of Bridgman'S eAl)erimental data on the 
isolhermal equations of state of inorganic solids, 

• within about the e;\:perimental uncertaintyS (exclusive 
I of the occurrence of polynlorphic phase transitions) . 

In the case of the highly compressible alkali metals, 
for example, this statement appears t rue for normal 
temperature up to the limit of Bridgman's pressure 
measurements (about 10· bars, where, in the case of 
potassium, the fractional compression is about t). 
The fact that it contains only one disposable parameter, 
and fits such a wide range of data, makes Eq. (4) 
extremely useful. 

On the other hand, use of Birch's equation entails 
some minor drawbacks at the lower pressures. For 
sufficiently low pressure, the equation of state of any 
solid can be described by the Bridgman equation 

- (V - Vo)/Vo=aP-bP2, (11) 

I where a(=Ko-l) and bare constants.16 By means of 
the Lorentz-Slater relation1b ,22 

"/= -Ha InK/a InV):r-i' (12) 

for the Grlineisen constant as evaluated from compres­
. sibilily parameters at fixed temperature T, one can 

obtain this constant for the solid at zero pressure as 

(13) 

from the Bridgman equation. However, the Lorentz­
Slater relation yields 

(14) 

21 E. Griineisen in llalldbllcll der Physik (Verlag Julius Springer, 
!lerlin, 1926), Vol. 10, pp. 1-59. 

25 M. Born, J. Chern. Phys. 7, 591 (1939). The equation of 
state contains a temperature-dependent term which can be 
omitted for purposes of the prescnt discussion. 

26 R. Fiirth, l'roc. Roy. Soc. (London) A183, 87 (1944). The 
equation of stale contains a temperature-dependent term which 
can be omitted for purposes of the present discussion. 

from Eq. (1), which corresponds to "/= 11/6 for the 
Birch equation . Unless the Grlineisen constant of the 
solid in question has this particular value, which 
corresponds to 2b/a2=5 from27 Eq. (13), the Birch 
equation fails to yield the correct curvature of the 
p- V curve at zero pressure. For the alkali metals, 
specifically, the Birch values for the Grlineiscn constant 
and the parameter 2b/a2 seem definitely high, and the 
constant values from Bardeen's equation of 4/3 and 
4, respectively, are closer to corresponding averages 
over these metals obtained by means of Grlineisen's 
law.28 On the other hand, it can be noted that the 
average value of the Grlineisen constant over most 
solids has closely the Birch value, since Slater29 has 
estimaled the average value of the ratio 2b/a2 over 
most materials as 5. Finally, one can observe that the 
modified Murnaghan equalion, with n evaluated in 
terms of "/ by Eq. (8), can be reduced exactly to the 
Bridgman equation by means of Eq. (13) when the 
pressure is small'. Thus, the equalion of Murnaghan as 
modified by the author is capable of yielding identically 
the correct curvature of the P- V curve of a solid 
at zero pressure. 

One sees that the equations of Birch, of ilIurnaghan, 
and of Bardcen are subsumed under the general 
equation of state represented by Eq. (1). Various 
equations (or special cases thereof) treated by Gombas 
fall into the general class of Eq. (1) also.21 The tempera­
ture dependence of all these special forms can be 
obtained by determining the proper temperature 
dependence of Eq . (1) . 

III. GENERAL TEMPERATURE-DEPENDENT 
EQUATION 

The special forms of Eq. (1) which have been 
discussed yield reasonable approximations to the 
pressure at fixed temperature, when the constants Ko 
and Vo correspond to the temperature in question. 
For all these forms, it is consistent with e},:perimental 
res;'.tlts to assume that the exponents nand mare 
constants, and that the en lire volume dependence of 
the pressure is contained in the powers V-n and V-m 
appearing. The former assumption for the case of 
Murnaghan's equation will be examined in Sec. IV. 
To generalize Eq. (1) to arbitrary temperature, it 
will be poslulated that the constants Vo and Ko are 
replaced by parameters 'D and X, respectively, which 
are functions only of temperature (aside from depend­
ence on constants fixed by an initial state).8 The 
generalization of Eq. (1) becomes 

P= (n-m)-IX[('D/V)n - ('D/V) "'J, (15) 

and that of Eq. (2) is 

K= (n-m)-IX[n('D/V)n-m('D/V)"']. (16) 

27 Birch has shown (reference 4) that the value 2b/a2 = 5 follows 
directly from certain approximations in the theory of finite strain. 

28 J. J. Gilvarry, J. Chern. Phys. 23, 1925 (1955). 
29 J. C. Slater, Phys. Rev. 57, 744 (1940). 



--

-.... qq 

1256 1· J. GILVARRY 

The temperature dependence of 1) and X will be 
determined by considerations of thermodynamic con­
sistency; dependence solely on temperature will be 
verified a posteriori. 

Any valid equation of state, applicable for variable 
absolute temperature T, must conform to the thermo­
dynamic identity 

(ap/aT)v=Ka, (17) 

where K= - V(ap/aV)T is the isothermal bulk 
modulus, and a= V-l(aV/aT)p is the volumetric 
coefficient of thermal e>.:pansion. Also, the equation 
must obey the relation 

(aK/aT)v = K 'a+K?(aa/aPh, (18) 

obtained by differentiation of Eq. (17), where 

K'= - V(aK/avk (19) 

It is convenient to define a dimensionless parameter 'Y} by 

(20) 

which ranges, numerically, from about 2 to perhaps 12 
for different solids.s By virtue of the identity 

K-l(aK/aT)p=K(aa/aph, (21) 

one can write Eq. (18) as 

(22) 

The general forms (15) and (16) will be required to 
meet the conditions of the two identities (17) and (22). 
This procedure corresponds to requiring that 

P= - (aF/aV)T, 

where F is the Helmholtz function, rather than 

P=-dE/dV, 

where E is the energy; note that (ap /aT)v in Eq. (17) 
equals (as/aV)T, where S is the entropy. 

On the assumptions made, differentiation of Eqs. 
(15) and (16) with respect to temperature to obtain 
(ap/aT)v and (aK/aT)v, respectively, and substitution 
of the results into Eqs. (17) and (22) yield two linear 
algebraic equations in a ln1)/aT and a InX/aT, whose 
solutions are 

d In'O/aT=a[K2+P(K'Y} - K ' )]/(K2_ PK'), (23a) 

a lnx/aT= - 'Y}aK2/(K2_PK'). (23b) 

One notes that these equations imply that '0 and 
X cannot depend solely on the temperature, as pre­
supposed by the derivation [in the first instance, 
in the volume differentiation to obtain K of Eq. 
(16)]. It will be shown that, actually, '0 and X are 
each a function only of temperature, to a certain 
approximation. 

For most solids, P is considerably smaller than K 
up to relatively high pressures, although ]( and K' are 
comparable, in general. By means of the binomial 

theorem, one can write Eq. (23a) to first order in the 
ratio P/K as 

a In'O/dT=a(1+'Y}P/K). (24) 

Now, Birch has shown that the pressure dependence of 
aCT) at fixed temperature T is given approximately bys 

a=ao(1-'Y}oP/K), (25) 

where ao(T) is the value of a at zero pressure and at 
temperature T, and 'Y}o(T) is the corresponding value 
of 'Y}. This equation is simply an appro>.:i.mate integral 
of the differential relation (20), but it agrees fairly 
well with Bridgman's eX1lerimental results on the 
change of thermal eX1lansion (over the range 0-95°C) 
of the alkali metals with pressure up to the limit of 
measurementS (about 2X 104 bars). Hence, to first 
order in the ratio P/K, Eq. (24) becomes 

d In'O/dT=ao(T), (26) 

where the right-hand side is a function of the tempera. 
ture alone. The integral of this relation is 

T 

'0= Vo exp [ aodT, JTO 

(27) 

where Vo is the initial volume corresponding to the 
temperature To and zero pressure. 

By a binomial expansion, Eq. (23b) can be expressed 
as 

d InX/dT= - 'Y}a(I+K'P/K2) (28 ) 

to first order in P/K. The partial derivative of 'Y} with 
respect to pressure at constant temperature can be 
obtained as 

'Y}-l(a'Y}/dP)T= (K'Y}+K')/K? - (K/'Y}a) (a2a/ ap)T, (29) 

from the definition (20). In this equation, the second 
derivative appearing can be neglected consistently with 
the approximation (25) of Birch. In this case, use of 
Birch's result (25) and the analogous approximate 
integral of Eq. (29) yields 

a InXjaT= - 'Y}OCi.o(1+2K'P/K2), (30) 

from Eq. (28). One can reduce this relation appro>.;· 
mately to 

a lnx/aT= -'Y}OCi.o[1+ 2 (Jt+m)P/K] (31) 

for P small, by replacing the ratio K'/K by its limiting 
value n+m for normal volume, as obtained from 
Eq. (2). In contrast to the case with '0, it is seen that 
X can be dependent solely on temperature and the 
assumptions thus self-consistent, only in the limit 
P«K. Presupposing this limit:, one can restrict the 
right-hand side of Eq. (31) to its leading term, and 
one obtains 
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where '10 and ao correspond to temperature T and 
prcssure zero, and Ko is the bulk modulus at tempera­
ture To and at zero pressure. 

Accordingly, Eqs. (27) and (32) yield for Eq. (1) 
the generalization 

K [ T p=_O_ exp _ r '1rPodT] 
n-m JTO 

x[ (~O exp i: aodT) ft 

(
V T · )m] 

- V
O 

exp {O aodT , (33) 

which exhibits the temperature dependence explicitly 
and reduces to Eq. (1) when the exponentials appearing 
are set equal to unity. This equation yields 

(aPlaT)v=Kao-P1]rPo=Ka(T) (34) 

directly, which shows that ao(T) must be taken as 
strictly independent of pressure; the pressure depend­
ence of the thermal expansion demanded by Eq . (25) 
is taken into account by the exponential in P which 
involves 1]()C{0. One concludes from Eq. (26) that the 
generalization (33) yields correctly the temperature 
dependence of the pressure through terms of first 
order in PIKas a parameter of smallness, but, from 

I Eq. (31), that the temperature dependence of the bulk 
modulus is given correctly only to zero order in this 
parameter. Note that the role of the exponential 
involving 1]()C{0 in Eq. (33) is to ensure that Eq. (17) 
be fulfilled at non vanishing pressure; if this exponential 
be set equal Lo unity while the 'exponential involving 
only ao be retained, Eq . (17) is met only to zero order 
in the parameter P IK. Finally, the physical interpreta­
tions of the parameters '0 and X can be noted. From 
Eq. (27) and the definition of ao, it follows that 'U(T) 
is simply the volume of the solid at temperature T 
and at zero pressure. Equations (20) and (21) yield 

(35) 

and hence X(T) of Eq. (32) is the bulk modulus of 
the solid at temperature T and at zero pressure. 

To this point, it has been assmned tacitly that 
states of the solid at zero pressure are observable at 

I arbitrary temperature, since the coefficient ao of volume 
c);pansion must be determined experimentally. This 
condition is not met for a solid with .a normal fusion 
curve, when the temperature exceeds the normal 
melting temperature. In this case, Birch's relation 

I (25) must be replaced by 

a=am {1-'7111[(PIK)- (PmIKm)J} , (36) 

where P 111 (T) is the pressure, K 111 (T) is the bulk 
modulus, and am(T) and 1]m(T) represent values of 
a and 7], respectively, all of which are measured for the 

solid on the fusion curve at a given temperature T 
(and thus can be regarded as functions only of tempera­
ture). With this value of a, Eqs. (24) and (28) yield 

T ( P"') '0= V "',0 exp i. 1+'7m- amdT, 
7 .... 0 K", 

(37a) 

respectively, where V m,O and Km.o are the values of 
V and K, respectively, for the solid at the temperature 
T m. 0 for fusion under zero pressure; the paths of 
integration are along the fusion curve. The correspond­
ing generalized equation of state is to be applied only 
for P(T)'?,P",(T) . These forms for '0 and X can be 
reduced to those of Eqs. (27) and (32) by writing 

ao=a",(l+1]mP".jKm ), 1]0='7"" (38) 

from Eq . (36), so that ao(T) is the hypothetical value 
of a possessed by the solid if metastable below its 
fusion temperature at P= O. Substituting into Eqs. 
(37) the values of am and 1]m implied by Eqs. (38), 
one can write 

T 

'0 = V m. 0 exp J aodT, (39a) 
Tm.O 

where the paths of integration correspond to zero 
pressure. Hence, '0 and X retain their physical interpre­
tations as the volume and bulk modulus, respectively, 
of the solid at zero pressure for temperature T . 

In the preceding, the parameters '0 and X have been 
writtm in exponential form for mathematical con­
venience. Only rarely does the accuracy with which 
ao and 1]0 are eJl.'Perimentally known justify retention 
of terms beyond the first in the eX'Pansion of the 
e:1.l10nential. To first order, P(T) of Eq. (33) can be 
written as the sum of a temperature-dependent correc­
tion and the pressure P(To) corresponding to the 
isothermal equation as 

Ko 
P=P(To)+--[nyn-mym_1]o(yn_ym)] 

n-m 
T 

X i artf,T, (40) 
To 

where y= VolV (1]0 has been taken as a constant). At 
nonvanishing pressure, the first two terms in the 
brackets in this equation are dominant over the terms 
in parentheses with 1]0 as coefficient, since the latter 
terms cancel for V = Yo. The rela tive smallness of the 
terms involving 1]0 is advantageous, since this param­
eter is difficult to determine experimentally and 
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relatively accurate values are available in few cases. 
Gliineisen2'1 and Birch8 provide tables of T/ for elements 
and some compounds. 

As noted, the parameter ~ of the multiplicative 
correction (5) to the Birch equation as e).:pressed in 
the iorm (4), has a value quite close to zero for very 
many (if not most) elements and compounds. When 
~ does not vanish but is independent of temperature, 
it is clear from the derivation that the generalized 
relation (15) is valid within the approximations made, 
when multiplied by the correction factor (5). However! 
the experimental results of Swenson9 for the alkali 
metals at low temperature show that ~ depends on 
temperature when it does not vanish for these elements. 
But whether ~ depends on temperature or not, one 
notes that the generalized relation (15), when multiplied 
by the correction factor (5), reduces at any fixed 
temperature precisely to the general form of the iso­
thermal Birch equation, because of the physical 
significance of the parameters '0 and X. Thus, no reason 
seems to exist why the generalized Birch equation 
should not be reliable for arbitrary temperature when 
the factor (5) is included and ~ depends on temperature. 
This statement should be true within the approxima­
tions entailed in Birch's derivation of the isothermal 
form, and implies that the difficulty raised by Eq. (31) 
in representing correctly the temperature dependence of 
K is a shortcoming of Birch's equation in the form (4), 
and not of the analysis employed here. 

IV. THERMAL PROPERTIES OF THE SOLID 

In this section, the salient thermal properties of the 
solid will be examined, as implied by the generalized 
equation of state. Inasmuch as ~=O for the majority 
of solids, the discussion will be restricted to this case 
for simplicity. 

In the Mie-Griineisen theory of the thermal pressure 
of a lattice, the total pressure P is expressed in terms of 
a volume-dependent pressure p and a thermal compo­
nent PT of pressure, by16.16 

(41) 

If the volume variation of all lattice frequencies I'i is 
the same, so that the Gruneisen parameter 'Y can be 
defined by 

the basic result of the theory is 

PT='YET/V, 

(42) 

(43) 

where ET is the thermal energy of the lattice.16 •16 One 
obtains 

(
ap) =(aPT) ='Ycy+(a'Y) ET (44) 
aT y aT v V aT y v 

directly, where C y is the heat capacity of the solid at 
constant volume. The generalization (15) has been 

required to meet Eq. (17) through terms of first 
order in P/K. To this order, therefore, for a solid to 
which the Mie-Gruneisen theory is applicable, the 
generalized equation of state satisfies 

Ka='YCv/V + (a'Y/aT)vEr/V, (45) 

which represents Grtineisen's law. 

(icpcnd 
pressure. 
only of v 
t.erm in 
p/k, can 
Eq. (15) 
pressure 
in practi 
who use 
the assu 
function 
approxl 
exponent 

The usual statement of Gruneisen's law differs from 
Eq. (45) by omission of the term involving (a'Y/aT)v, 
in conformity with Gruneisen's postulate that the 
lattice frequencies are a function only of the volume.16 •24 

When this hypothesis is not satisfied, the general form 
(45) follows from the fundamental result (43). By use 
of the Lorentz-Slater formula (12), one obtains \ for P sm 

1 n2('U/V)n- m2('U/V)'" 1 
'Y=-

2 n('U/V)n - m('U/V)m 6 
(46) 

as the Gruneisen parameter corresponding to the 
generalization (15) of the isothermal equation of state. 
In general, this e>"'Pression for 'Y depends on the tempera­
ture through the parameter '0 (although it does not 
involve X). However, it has been noted that V = '0 for 
zero pressure. Hence, Eq. (46) yields the result that 
'Y at any temperature has the strictly constant value I 

given by Eq. (14), if the pressure is zero. In this case, 
the last term in the form (45) of Gruneisen's law 
vanishes. Therefore, Gruneisen's postulate is satisfied 
for zero pressure. 

To discuss the temperature dependence of 'Y for 
nonvanishing pressure, it is convenient to make use 
of the volume'll possessed by the solid at zero tempera­
ture, rather than the actual volume V. These two 
quantities are related to each other at the same pressure 
by 

T 

V=v ex'P J adT. 
o 

(47) 

\ 
I 

The bulk modulus K will be written in a form corre­
sponding to Eq. (41), as 

K=k+K2·, (48) 

where k (like p in this case) depends only on v, and 
KT (like P 7·) is a temperature-dependent component. 
If the exponentials in Eqs. (27) and (32) are eX'Panded 
to first order, and Birch's approximation (25) is used, 
'Y of Eq. (46) can be written to first order as 

[ 
d'Yo fT JP 

'Y='Yo- -- T/rftodT-, 
d Inv 0 k 

(49) 

where 

(50) 
1 n2('Vo/v)n - m2(vo/v)m 

'Yo=-
2 n(vo/v)n-m(vo/v)m 6 

and 

(51) 
d'Yo 1 nm(n- m)2(vo/v)TI+m 
--=---------

I, 

. 
I 
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rtepend only on the ratio of v to its value Vo at zero 
pressure. It follows that 'Y at low pressure is a fW1ction 
only of l' to the extent that the temperature-dependent 
term in Eg. (-l9) , which is proportional to the ratio 
p/ k, can be neglected. Accordingly, the prescription of 
Eq. (15) for including the effect of temperature on the 
pressure should yield approximately the same results 
in practice as the method of Walsh and associates,18.19 
who use the Mie-Grune:sen relation (43) directly, on 
the assumption that the Grlineisen parameter is a 
function only of the volume v. It follows also that the 
approximate constancy assumed for the Murnaghan 
exponent 11 of Eq. (8) represents a consistent assumption 

, for P small. 
The equa t~on of sta te as an e).:plici t fW1ction of volume 

and temperature can be found from Eq. (15) for a 
solid obeying the Debye theory at sufficiently low 
temperat.ure. In this case, Cv and ET vary with 
temperature as P and P, respectively, and thus the 
last t.erm can be ignored in Eq. (45), which reduces to 
the usual form of Grlineisen's law. Hence, the tempera­
ture dependence of the coefficient a of thermal expansion 
becomes the same as that of the heat capacity Cv , 
when one neglects the small temperature dependence 
of the Gruneisen parameter, the bulk modulus, and 
the volume (under isobaric conditions) specified by 
Eqs. (49), (48), and (47), respectively. The Debye 
expression for the heat capacity is 

Cv= (127f'4/5)NR(T/8)3, (52) 

where R is the gas constant , N is the number of moles 
in the solid, and e (proportional to the maximum 
lat.tice frequency and thus a function of volume) is 
the Debye temperature in the limit of zero tempera­
ture. 16 Gruneisen's law yields 

. a= (127f'4/5)lVR('Yo/kv) (T/8)", (53) 

where 'Yo is given by Eq. (50) . Expressing the pressure 
differentiation in the definition (20) of TJ in terms of 
one with respect to the volume v, one obtains 

TJ=5'Yo - j+d In'Yo/d Inv (54) 

by using Eqs. (42) and (53); the derivative appearing 
corresponds to that of Eq. (51). Hence, for a Debye solid 
at low temperature, the parameters 'U and X can be 
written through first-order terms in the exponentials 
involved, as 

(55a) 

[ ( 
2 3 d In'Yo) ( 'Yo ) P] X=ko 1- 7f'WR 3'Yo--+--- -- -- , (55b) 
5 5 d Inv kovo 8 0

3 

where ko and Go represent values of k and 8, respec­
tively, evaluated at v= Vo, to which point 'Yo and the 
derivative appearing also correspond. The value of 'Yo 
is given by Eq. (14), and the value of the derivative 
follows as 

d In'Yo/d Inv=nm(n+m- t)- l, (56) 

from Eq. (51) . Subst itut.ion of the results of Eqs. (55) 
into Eq. (15) yields the e>.:plicitly temperature-depend­
ent equation of state. It is seen that the thermal 
component P T of pressure varies as T4 in th is limit . 

The results obtained can be applied to the case of an 
ideal harmonic solid which, because of the absence of 
anharmonicity of the lattice vibrations, shows no 
thermal pressure and no thermal e>.:pansion. In this 
case, t.he lattice frequencies are strict constant.s, so 
that the Gruneisen constant 'Y vanishes. I t is clear from 
Eq. (46) or Eq . (51) that'Y can be consLant only if at 
least one of the exponents nand m vanishes. Selecting 
m=O, one obtains 'Y=t(n-}), which vanishes only 
for n=t. In the general case, 'U and X of Eqs. (27) 
and (32) can be independent of the temperature only 
for ao equal to zero, and this value of ao follows from 
Gruneisen's law (45) when'Y vanishes. For the Debye 
model, Eqs. (55) show that 'U and X reduce to Vo and ko, 
respectively, for 'Yo equal to zero. Hence, the entire 
development is consistent with the expression 

P=3ko[(vO/V)L 1J (57) 

for the equation of state of an ideal harmonic solid, as 
established previously by the author for this case.2'2 
This equation corresponds to Eq. (9), derived by 
Murnaghan from the linear theory of finite strain. 

As noted, the generalized equation of state predicts 
that the Gruneisen parameter should be independent 
of temperature at zero pressure. On this point, direct 
evidence from e>"'Perimental data for temperatures 
higher than normal is available from values of 'Y 
computed by Birch for compounds8 and by the author 
for elements.3o The results of the author show no more 
than a small or moderate decrease, in general, of the 
parameter over the range of temperature from normal 
to the fusion point; the decrease might be interpreted 
as a consequence of anharmonicity, since the tempera­
tures involved exceed the Debye temperature, in 
general. For low temperature, the e>"'Perirnental 
evidence is conflicting. In this case, Bijl and Pullan 
found an anomalously large decrease relative to its 
normal value in the parameter for copper,S! but Figgins 
et at. observed an increase for alurninum.32 However, 
Baluffi and Simmons recently have reported measure­
ments of the thermal expansion of copper from 102 0 

down to 8°K, and have concluded that no evidence 
exists for a real variation of 'Y in this temperature 
range.33 Their results are in agreement with those of 
Rubin et al.34 for temperatures down to about llOoK. 
These considerations tend to justify the assumption that 
the exponent n of Murnaghan's Eq. (7) with n evaluated 

30 J. J. Gilvarry, Phys. Rev. 102,308 (1956). 
31 D. Bijl and H. Pullan, Physica 21, 285 (1955). 
32 Figgins, Jones, and Riley, Phil. Mag. 1, 747 (1956). 
33 R. W. Baluffi and R. O. Simmons, Bull. Am. Ph),s. Soc. Ser. 

II, 2, 137 (1957). 
114 Rubin, Altman, and Johnston, ]. Am. Chern. Soc. 76, 5289 

(1954). 
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from ECJ. (8) in terms of 'YAy or 'Y, is at least o.pproxi­
mately independent of volume and temperature. 

One notes that Eq. (51) predicts a positive value of 
d'Yo/d Inv. On the basis of the Lindemann law, the 
author has shown that the curvature of the fusion curve 
can be normal in the sense of Bridgman only if 'Y-} 
+d'Y/d InV is positive for the solid at fusion30 ; the sign 
of the derivative implied by Eq. (51) thus is consistent 
with this result. In a comparison with experiment of 
a form of Simon's semiempirical fusion equation 
obtained theoretically, the author has determined 
values of d In ('Y - ·})/d InV for the alkali metals.20 

The values are positive, consistently with Eq. (51), 
and are of the order implied by Eq. (56) for nand m 
chosen to correspond to the Birch equation. 

It can be noted that the generalized equation of state 
obtained is concordant with, but is not restricted by, 
the validi ty of Grlineisen's law. This conclusion follows 
from the fact that the basic relation (17), to which the 
generalized equation of state conforms, is a thermo­
dynamic identity independent of a model. For a metal 
at sufficiently low temperature, Grlineisen's law fails 
in the sense that the Grlineisen parameter requires a 
correction for the contribution of the electrons to the 
thcrmal pressure35 ; for a similar reason, the law is 
gencrally not valid for a superconductor. In neither 
case should the generalization to arbitrary temperature 
involved in Eq. (15) fail to be applicable within the 
approximations made, if the form (4) is valid under 
isothermal conditions. 

V. COMPARISON WITH EXPERIMENTAL DATA 

Results of Swenson9 for the compression of the alkali 
metals at two temperatures (77 and 4.2°K) can be 
used to compare predictions of the generalized Birch 
equation with e:>..-periment. The element potassium will 
be chosen for the check, since the corresponding values 
of the parameter ~ of the correction factor (5) vanish at 
both temperatures. 

Swenson expresses his results for the pressure as a 
function of compression by tabulating values of the 
density and the compressibility KO-I at zero pressure 
for the two temperatures in question, which fix the 
constants Vo (for unit mass) and Ko of the isothermal 
Birch equation as fitted to his data. The values of 
the latter pair of constants corresponding to the former 
are shown in the first two columns of Table I, for 

TABLE 1. Parameters of the generalized Birch equation of state 
for potassium, from data of Swenson. 

T Vo Ko ao ~oao 
OK cm'/g 10' ,llmos (OC)-' (OC)-' ~. 

77 1.09, 3.38 
0.0001. 0.00031 2 .• 

4.2 1.08, 3.47 

I·S. Visvanathan, Phys. Rev. 81, 626 (1951) i J. J. Gilvarry, 
Phys. Rev. 102,317 (1956). 

potassium at the two temperaturcs. On Swenson's t isothermal B' 
dcfmitions, Vo and Ko depend on t.he tempcrature; 
hence Vo and I\.o represcnt valucs of '0 ::md X, respec- I 

tively, in the notalion of this paper. The prcssure for 
potassium is shown in Fig. 1 as a function of the 
relative compression ('0- V)/'U for thc two tcmpcra­
turcs, as computed from the isothcrmal Birch equation 
with constants from Table 1. 

The values of the parameters 00, 7)OCto, and 7)0 for 
potassium are shown in the last three columns of 
Table I, as implied by the constants in the first two 
columns. Since these determinations correspond directly 
to the data of Swenson, it is clear that values at the 
two temperatures of '0 and X from Eqs. (27) and (32), 
respectively, merely reproduce the values of Vo and 
Ko in the first two columns of Table I. Thus, a sub­
stantive check of the generalized Birch equation cannot 

10OOOf----~----+_--_& 

7~r----r_---+_--)1-~ 

ISOTHERMAL B IRCH 
EQUATION . T = 4.2°K 

T=77'K~ 

2~r---~~---+_--~ 

(l06 0.12 (l16 
REL,ATlvE COMPRESSION (v-v)/1) 

FIG. 1. Pressure as a function of the ·relative compression for 
potassium, as computed from the isothermal Birch equation with 
data from Table I, for comparison with data points at 77°K 
predicted by the generalized Birch equation from values at 4.2°K. 

be obtained directly, since its form with parameters 
evaluated numerically for one of the two temperatures 
is simply the isot.hermal form ,..nth constants equal to 
those of Swenson. 

However, Swenson tabulates smoothed e:>..-perimental 
data for potassium at one temperature, 4.2°K. An 
independent check of the generalized Birch equation can 
be obtained by using it to predict pressures at 77°K 
from the tabular values for 4.2°K, given as a function 
of (Vo- V)/Vo[ = ('0- V)/'U]. For a fixed value of 
the last quantity, Eq. (lS) states that P(T) is given in 
terms of P(To) by 

P(T)=[1-7)()Cto(T-To)]P(To). (53) t 
Use of this equation with values of parameters from 
Table I to predict pressures at 77°K from those at 
4.2°K yields excellent agreement with results from the 
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I 

j 

isothermal Birch equation at the higher pressures, as 
shown in Fig. 1. At the intermediate pressures, data 
points from Swenson's tabulation are high (by amounts 
up to 3%) with respect to the associated Birch curve; 
correspondingly, values from Eq. (58) are high also. 
Agreement improves for data points (not shown) at the 
lower pressures. Consistently with Eq. (58), the curve 
in Fig. 1 for 77°K lies below that for 4.2°K; this order 
reverses when P is plotted ag:J.inst V directly. 

The degree of agreement obtained is exhibited more 
clearly by Fig. 2, which shows, for a f:,riven value of 
('0- V)/'O, the dilTerence P(4.2°K)-P(77°K) of the 
pressures at 4.2 and 77°K, as computed from Swenson's 

I data for 4.2°K by use of Eq. (58), and as determined 
from the isothermal Birch equation with Swenson's 
values of parameters. The difference found vanishes 
for two values of the abscissa, and is less than three 
percent at the highest datum point shown. This 
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FIG. 2. Difference P(4.2°K) -P(77°K) of the pressures at 
4.2 and at 77°K for a given relative compression, as computed 
from Swenson's data for 4.2°K by means of the generalized 
Birch equation, for comparison with values determined from the 
isothermal Birch equation with parameter values from Table I. 

comparison is unaffected by the degree to which 
Swenson's data for 4.2°K are fitted by the isothermal 
Birch equation. 

VI. CONCLUSION 

It is clear from the comparison with Swenson's 
results that the generalized Birch cqu?-tion can be 
used directly to fit ex-perimental pressure-volume data 
corresponding to a range of temperature, as the 
isothermal equaLion has been used in the past for the 
case of fixed temperature. 

1 .. 

For the range of high pressures greater than a limit 
in the order of megabars, the effect of shock waves on 
solids has been treated theoretically on the basis 0 a 
temperature-dependent equation of state from the 
statistical atom mode1.36 This equation of sta te loses 
validity for the lower pressures, where it must be 
supplemented by a relation appropriate to this pressure 
range.12 Use of the generalized Birch equation for this 
purpose pennits an analysis at the lower pressures on 
lines analogous to those followed in the case of the 
Thomas-Fermi e'luation of stale.37 The problem in 
question is of interest in connection with the explosive 
impact of meteorites and the associated crater pro­
duction. 

The generalized Birch equation has an obvious 
application in studies of the earth's internal constitu­
tion, since it should be applicable at the pressures of 
the mantle, where one cannot use reliably an equation ' 
of state from the statistical atom model, as is possible 
(within an approximation) for the higher pressures of 
the core. Birch has used his equation of slate to estimate 
the density in the earth's core, by extrapolation of 
experimental data of Bridgman, on the assumption 
that the core is iron.8 His result for the central density 
is about 20% higher than Bullen's value deduced from 
seismological data.a8 Of this discrepancy, Birch 
estimates that perhaps half may be due to the neglected 
elIect of temperature. The generalized Birch equation 
may be of use in further study of this point. 
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Note added in prooJ.-It has been verified that the 
generalized relation (15), with the multiplicative cor­
rection factor (5) included for a given temperature, ' 
fits the data of Swenson~ for the alkali metals other 
than potassium. In this reference, the values of ~ VIVo 
tabulated for cesium are incorrect because of a trans­
cription error, although the corresponding contants 
given for the isothermal Birch equation are correct, as 
the author has been informed by Dr. Swenson. 
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